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Study of brittle fracture by acoustic emission from indentation cracks 
Kwang Yul Kim and Wolfgang Sachse 
Department a/Theoretical and Applied Mechanics, Cornell University, Ithaca, New York 14853 

(Received 15 August 1988; accepted for publication 1 February 1989) 

This paper describes a novel approach for investigating the fracture of brittle solids by 
combining a theory of acoustic emission (AE) with the Dugdale-Barenblatt model. An 
example is provided with indentation-produced, half-penny-shaped cracks that were generated 
by pressing a Vickers indenter onto the surface of a glass plate and that produced AE signals. 
These were detected using four capacitive displacement transducers, one at epicenter and the 
other three at off-epicentral positions. Assuming that a mode I type of crack was generated and 
using indentation fracture mechanics, a mode I stress intensity factor Kk = 7.44 X 105 N/m3/2 

was obtained. Both dipole strength and source-time function associated with crack formation 
were determined from the AE theory. Assuming that an effective gauge length can be 
interpreted equal to a dipole linkage distance and using the Dugdale-Barenblatt model for the 
fracture of brittle solids, it is shown that all the other important parameters on crack formation 
can be determined. Included are the critical rupture stress U c = 8.94 GPa, the crack tip 
opening displacement of 1.62 nm, the effective microstructural gauge length equal to 13.2 nm, 
and the time-dependent crack velocity as a function of a crack front radius. 

I. INTRODUCTION 

Vickers indenters are widely used in the hardness testing 
of materials. Two important parameters needed for deter
mination of the Vickers hardness ofthe test specimen are the 
diagonal of the impression and the applied load. This test 
procedure has recently been extended to the study of frac
ture of brittle solids 1-4 using the Vickers indenter to generate 
microcracks on the surface as it is pressed onto the surface. 
Because the test is easy and simple to perform and many tests 
can be made in small specimens that are unsuitable for con
ventional fracture toughness testing, the indentation test has 
increasingly been applied for the fracture toughness testing 
of brittle materials such as glass, ceramic, and semiconduct
ing materials. 

also obtained. In Sec. In we establish a relationship between 
the fracture toughness and the dipole strength associated 
with crack formation, from which aU of the relevant data on 
the formation of the crack, including the critical rupture 
stress and strain, the length of the microstructural linkage 
unit, or dipole linkage distance and the critical crack tip 
opening displacement (CTOD) can be determined. These 
data are presented in Sec. IV. Section V discusses the time-

Several years ago, we investigated the acoustic emission 
CAE) signals emanating from a penny-shaped crack that 
was generated with a sharp indenter of conical shape.5

•
6 

From analysis of the emitted signals we determined the radi
ation pattern, moment tensor components, and the source
time function associated with crack formation. We demon
strated that the radiation pattern of AE signals can be used 
to determine the orientation of the crack formed, while the 
source-time function provides information on the velocity of 
microcracks whose formation occurs on a submicrosecond 
time scale. 

In this paper we study the AE signals detected when the 
Vickers indenter is pressed against the surface of a soda-lime 
glass plate, which results in two mutually perpendicular 
cracks of half-penny shape as depicted in Figs. 1 (a) and 
1 (b). The experimental procedure for generating and de
tecting the AE signals emitted during the formation of these 
cracks is described in Sec. II. The determination of the 
source-time function and the dipole strength were carried 
out by assuming that the cracks generated by the Vickers 
indenter were of mode I type. From the measured applied 
l()ad and crack size, the mode I stress intensity factor K[c, 
and hence the fracture toughness of soda-lime glass, were 

(0) 

(b) 

(c) 

• Capacitive Transducer 
H Piate Thickness 

FIG. 1. System of crack gener
ation and transducer location, 
where x I and Xl axes are chosen 
to be along the diagonals of the 
Vickers indenter. (a) A side 
view of the crack system. (b) A 
top view of the crack. (c) Lo
cation of the capacitive trailS, 
ducers. 
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dependent crack velocity and its dependence on the radius of 
the crack front. 

II. EXPERIMENTAL PROCEDURE 

The specimen in which the Vickers indentation cracks 
(VIC) were generated was a soda-lime glass plate that was 
0.960 cm thick ( "'" H) and approximately 16 em square. The 
specimen was mounted in a specially constructed loading jig 
that permitted the simultaneous measurement of the load 
applied to the top surface of the glass plate through the 
Vickers indenter via a miniature load cell with the detection 
of the crack signals by the capacitive transducers. The load 
cell had a maximum capacity of 225 N with a resolution of 
6X 10-3 N. The bottom side of the glass plate was coated 
with O.3-.um-thick chromium film which served as a ground 
plane for the capacitive displacement transducers attached 
to it. The loading through the Vickers indenter was basically 
a soft, force-controlled loading. As the load through the in
denter was gently and gradually increased to a certain criti
cal level, two mutually perpendicular cracks, both normal to 
the surface, suddenly initiated beneath the sharp indenter tip 
and propagated outward in planes aligned with the diagon
als of the indenter. The shape of the resulting cracks was a 
half-penny as depicted in Fig. l(a). Formation of these 
cracks gave rise to elastic waves that propagated through the 
plate to the bottom surface where they were detected by four 
capacitive transducers. 7 Locati.on of these transducers are 
shown in Fig. 1 (c). One was located at epicenter and the 
other three were situated at a distance of 1.9SH units away 
from the epicenter at an equal distance on the opposite side 
from the AE source at angular positi.ons () = 0.,45°, and 90·, 
where the angle () was measured from the Xl axis whose di
rection was chosen normal to the plane of one of the genera
ted cracks. Immediately after detecting the first AE signals 
associated with crack formation, the indenter was gently and 
slowly removed from the specimen, which was then moved 
to other locations for generation of subsequent cracks. 

The entire electronic diagram of the AE detection sys
tem is shown schematically in Fig. 2. The signals detected by 
the capacitive transducers were amplified by charge ampli
fiers whose bandwidth extended from 10 kHz to 10 MHz 
and whose voltage/charge sensitivity was 0.250 V IpC. The 
outputs of the charge amplifiers were connected to transient 
recorders for digitization at a sampling rate of 60 MHz and 
with lO-bit resolution. The transient recorder connected to 
the epicentral transducer also served as the external trigger 
source for the recorders of the off-epicentral signals. The 
recorded crack signals were transferred to a minicomputer
based data acquisition and processing system for subsequent 
signal processing and data reduction. Also connected to the 
data acquisition system was a 12-bit A ID converter which 
was used to digitize the load signal generated by the load cell 
at the time of crack formation. The data processing system 
also provided for storage of both the detected signals and 
processed data. 

Prior to the formation of a crack, a glass capillary that 
had 0.05 mm Ld. and 0.08 mm o.d. was broken at the intend
ed site of crack generation on the glass plate by pressing 
against it vertically with a razor blade through the same load 
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FIG. 2. Block diagram of the 
AE electronic system. 

cell used with the Vickers indenter. The strength ofthe glass 
capillary fracture (GCF) was also measured by the load cell. 
Immediately following this, the indentation crack was in
duced to minimize the chance of disturbing the measure
ment system. The purpose of the capillary fracture, which 
generates axisymmetric AE signals, is twofold: First, it is 
used to compensate for the effects of variable sensitivity of 
the different transducers; second, it is used to determine the 
breaking strength of capillary fracture that is subsequently 
used for the determination of the dipole strength of the in
dentation cracks. These calculations will be explained in de
tail in the following sections. 

Immediately after the test, the specimen was mounted 
on a microscope stage driven by fine micrometers with a 
translational resolution of 1 fl"m to determine the size of the 
indentation cracks. The results are listed in Table I. For each 

TABLE I. Data of Vickers indentation cracks (VIC). 

Crack radii 
Applied load Average radius 

p R, R2 R 
Crack No. (N) (mm) (mm) (mm) 

VICOl 46.97 0.264 0.266 0.265 
VIC02 48.35 0.267 0.275 0.271 
VIC03 47.37 0.292 0.292 0.292 
VIC04 37.75 0.241 0.239 0.240 
VIC05 43.54 0.269 0.271 0.270 
VIC06 35.79 0.239 0.246 0.243 
VIC07 65.21 0.351 0.359 0.355 
VIC08 58.55 0.327 0.339 0.333 
VIC09 31.67 0.205 0.214 0.210 
VICJO 52.76 0.283 0.298 0.291 
VICI] 40.80 0.244 0.249 0.247 
VICI2 68.84 0.352 0.368 0.360 
VICl3 101.3 0,442 0.440 0.441 
VICl4 55.11 0.290 0.301 0.295 
VICI5 56.29 0.315 0.317 0.316 
VIC16 32.07 0.219 0.217 O.2IS 
VICl7 62.36 0.311 0.307 0.309 
VIC18 53.25 0.324 0.325 0.325 
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III. THEORY 

FIG. 3. Detected and regenerated crack AE 
waveforms at various locations. Solid lines 
are observed waveforms and dotted lines are 
theoretical. P denotes the arrival of the lon
gitudinal wave and S represents that of the 
shear wave. 

indentation the following information is listed: the applied 
load P, measured at the time of crack formation; the radii of 
the two mutually perpendicular cracks of half-penny shape 
R J and R 2; and the average of the two radii R equal to 
(R r + R 2 )/2. A typical example of the AE crack signals 
emitted during the formation of the cracks is shown in Fig. 3 
as solid curves. The signals generated during the glass capil~ 
lary fracture (GCF) are displayed in Fig. 4 as solid lines. In 
these figures the ordinates correspond to the output of the 
charge amplifier which is proportional to the normal 
displacements on the surface of a specimen, Uy 

A. indentation fracture mechanics 
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The stress field produced beneath a sharp indenter was 
described in terms of the axisymmetric Boussinesq field by 
Lawn and co-workers. 1.2 At some critical load the crack ini
tiates beneath the indenter tip and spontaneously breaks 
through to the free surface ("pop-in") and results in a wel1-
developed, center-loaded, half-penny crack in the median 
plane, as shown in Fig. 1 (a). Since an axisymmetric loading 
produces no shear stress in a median plane, only a tensile 
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FIG. 4. Detected and recovered AE sig
nals due to a glass capillary fracture at var
ious locations. Observed waveforms are 
indicated with solid lines and recovered 
ones with dotted lines. P and S denote the 
arrivals of the longitudinal and shear 
waves, respectively. 
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f'IG. 5. An optical micrograph of the Vickers indentation crack no. 7 (tOp 

view) whose size is indicated in Table L The small pyramidal shape shown 
in the center is the contact region of the indenter. 

hoop stress acting on the median plane is responsible for the 
development of this crack, which is of mode I type. In our 
previous work,5 we used the more realistic Sneddon solution 
in describing the hoop stress generated by the indentation of 
a conical indenter. Although the pyramidal Vickers indenter 
produces a slightly nonaxisymmetric field immediately be
neath the contact region, the size of the pop-in crack is ex
perimentally found to be much larger than the contact re
gion (see Fig. 5) and the axisymmetric stress field is well 
suited for description of the stress field developed beneath 
the Vickers indenter. Since most of the crack formed is ex
posed to a free surface, one can safely neglect the contribu
tion of the small shear stress beneath the contact region 
when the median crack forms. 

Using dimensional analysis, Lawn and Fuller! derived a 
very simple expression for a stress intensity factor K Ie: 

1 (P) ~ 6 1 -2 ( P ) K[c = 3/ 0 --'/-0 = 7.L,5 X 0 --'-2' 
1T 4 tan UI R ' - R 3, 

. (1) 

where P is the applied load, ¢ is the half angle (68°) between 
the faces of the indenter, and R is the radius of the half-penny 
crack formed. The strain-energy release rate or the crack 
extension force Gc is then obtained, according to 

Gc = K~c (1 - v)/E, (2) 

where v and E are the Poisson's ratio and Young's modulus 
of glass, which are, respectively, equal to 0.217 and 73.03 
GPa. Equation ( 1) is strictly valid only for a conical indent
er, but it has also been shown to yield a good fit to crack data 
obtained with a Vickers indenter. 1 When there is friction 
acting between the indenter and the specimen, ¢ in Eq. (1) 
may be replaced by if; + arctan Tf, where 1] is the coefficient 
of friction. In the slow, gentle crack generation described 
here, which closely approximates a static loading, the effect 
of friction is assumed to be negligible. Equation (1) predicts 
that for a given material a plot of P vs R 3/2 will be a straight 
line and its slope yields a stress intensity factor. 

We adopt the Dugdale-Barenblatt model8
-

to for calcu
lation of Gc in Eq. (2). Referring to Fig, 6, it predicts for 
brittle solids that 

(3) 
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HOOke's Law 
I 

ExtenSion, " 

FIG. 6, An idealized stress
extension curve that indi
cates the cutoff stress and 
critical rupture extension 
for a perfectly brittle solid. 

Here we have used the relation cr(u) = O'cu/uc (O,;;,u,;;,u c ), 

which is valid for a perfectly brittle solid. In the above equa
tion, 0', is a critical rupture stress which is approximately 
equal to E /10 for a perfectly brittle solid/ I Uc is a critical 
crack tip opening displacement eCTOD), r is the surface 
energy of the crack plane, and l=u/r= = uj€c is the length 
of a microstructural linkage unit lO involved in the rupture 
process as illustrated in Fig. 6. For fracture of very brittle 
solids, to which the Barenblatt model is well adapted, lis the 
size of the cohesive zone surrounding the crack plane imme
diately ahead ofthe crack tip. The term E(. is the cutoff strain 
at the time of rupture, The cutoff strain at the crack tip is 
given by 

(4) 

B. Dipole representation of an AE source from a mode I 
crack 

The dopole representation of an AE source from a mode 
I indentation crack has been described in our previous publi
cations6 in terms of the diagonal components ofthe moment 
tensor discussed in the literature. 12

•
13 The moment tensor 

11fij is conveniently expressed as 12. 13 

Mij = J !.!.O'ij dV, (5) 

where !.!.O'ij is the glut stress resulting in the source volume V. 
Equation (5) is quite general, that is, it holds regardless of 
whether the source region is subjected to elastic or nonlinear 
deformations. 

We have also used this representation for an AE source 
accompanying the formation of a mode I thermal crack gen
erated on the surface of a glass plate. 14 The essential require
ment for using a diagonal representation of the moment ten
sor associated with a mode I crack is that one axis of the 
coordinate system used to represent the moment tensor is 
aligned with the crack normal and the other two axes are 
parallel to the plane of the crack. Otherwise, the moment 
tensor representing the AE source of a mode I crack must 
include off-diagonal elements as well. In the results to be 
described, the origin of the coordinate system is chosen to be 
the point of contact of the sharp Vickers indenter tip with the 
top surface of the glass plate when it touches the glass plate 
and the X3 axis coincides with the loading direction, As 
shown in Fig, 1 (b), two mutually perpendicular cracks are 
generated by the Vickers indentation for which the x I axis is 
chosen to be aligned normal to the first crack and the X 2 axis 
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normal to the other crack. With this coordinate system, the 
off-diagonal elements of the moment tensor associated with 
the mode I indentation crack vanish because no shear stress
es contribute to the formation of a mode I crack. Then the 
moment tensor M associated with the Vickers indentation 
crack can be written in matrix form as 

(

MnU) 0 0) 
M = (Mij) = 0 M 22 (t) 0 , 

o 0 A/33(t) 

(6) 

where t represents time. The stress component 0'33 acting 
under the contact region of the indenter gives rise to MD' 
which, according to our past work,6 is found to be only a few 
percent of MIl or .'l-f22• Since most of the generated crack is 
exposed to a free surface at which 0'33 is essentially zero, and 
the contact area is much smaner than the generated crack 
size (see Fig. 5), M33 can be set equal to zero with negligible 
error. The two cracks generated by a Vickers indentation are 
almost equal in size (see Table I) and therefore, both 1\4'"11 

and M22 should have almost equal magnitude, which we de
note by D, or the dipole strength of the crack. Furthermore, 
the detected signals from these cracks indicate that their oc
currence is almost simultaneous and hence we will assume 
that their formation takes place with the same temporal be
havior descri.bed by the same source-time function. The 
source-time function associated with crack formation is gen
erally known to be like a ramp step (cf. Fig. 9), similar to the 
characteristics of a Heaviside step, a linear ramp, or a para
bolic ramp function with a certai.n rise time, but it is at this 
stage an unknown time function controlled by the energies of 
crack formation. We will normalize the steplike source-time 

function with risetime t:.d and denote it by St (t), which has 
unit amplitude when t~ ad' Expressing 

-Ad 
Mll (I) = M 22 (t) = DS (t), 

Eq. (6) can then be rewritten as 

o 
1 

o 

(7) 

(8) 

Then, a normal displacement u~ (x,t) in the X3 direction 
at a receiver location at x due to an AE dipole source acting 
at Xo can be conveniently expressed by means of the Green's 
function 12.15: 

u~ (x,t) = Mfj*Gj3.j' 

where a summation over repeated indices is implied. The 
factor G;k where G jk =JGi/JXk (i,j,k = 1,2, or 3), rep
resents t'{;e'Green's iu'nction tensor and is called the dipole 
Green's function. The symbol ""," denotes a convolution in
tegral in time. Thus, 

u~ (x,!) = DSd(t)* [GU,I (X,Xo;f) 

+ G23 •2 (x,xo;t)] 

= DSdCt)*Gd(x,xo;t), 

(9) 

( 10) 

where 

4238 

Gd(x,xo;t) =G13•1 (x,x();!) + G23 •2 (x,xo;t). (11) 

Let the polar-cylindrical angle e be measured from the 
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X I axis in the x lX2 plane. Then, the following radiation pat
terns hold in Eq. (9) according to Refs. 5 and 14: 

SdU)*G13 1 (X,xo;t) = aU) [b(t) + cos2 () L (12) 

SdU)*G23 .2 (X,xo;t) =a(t)[b(t) + sin2 e], (13) 

where aCt) and b(t) are both independent of e. Therefore, 

u~ (x,t) = DSd(t)*Gd(x,Xo;t) 

= Da(t)[2b(t) + 1}. (14) 

Equation (14) indicates that the radiation pattern obtained 
from receivers that are all located at different angles but at an 
equal distance from the source is expected to be a circle at a 
particular instant of time. Since the Vickers indenter pene
trated slightly beneath the surface of the glass plate during 
the formation of the crack, the location of an AE source was 
conveniently given the coordinates (O,O,O.OIB) for the cal
culation of the Green's functions, which remain essentially 
unchanged for slight variations of the source depth. The 
Green's functions corresponding to the epicentral and off
epicentral receivers from the source are plotted in Figs. 7 (a) 
and 7(b), respectively, using the P- (longitudinal) wave 
speed of 0.582 cm/p,s and the S-(shear) wave speed of 0.350 
cm/fls. 

A displacement u;' at x due to a vertical force corre
sponding to a monopolar source acting at Xo with magnitude 
P;, as in the ca..-.e of a capillary fracture on the surface of a 
specimen, is in a similar fashion expressed as 

Dipole Green's Function; Epicenter 
5.00 

Time (,u.sec) 

Dipole Green's Funclion; Off-Epicenter 

5.00 

Time (,u.sec) 

Monopole Green's Function; Off-Epicenter 

5.00r 

~ , 
t 

",'" 0.00 ~i -+-+-+--++-+-.,'4.~""",~-+-P 
2.5 5.0 7.5 

-5.00 (e) 
Time (,usee) 

(15) 

FIG. 7. Plate Green's func
tions: (a) The epicenter re
sponse due to a horizontal 
dipole source located at 
(O,O,G.DIH). (b) The re
sponse at 1.98H away from 
the epicenter due to a com
bination of two mutually 
perpendicular horizontal 
dipoles, both having equal 
magnitude and acting at 
(O,o,a.olB). (c) The re
sponse at 1.98H away from 
epicenter due to a single 
vertical force acting at the 
origin. 
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where 8 11'l(t) is the source-time function of the monopolar 
source with unit magnitude for t). tl. m (rise time) and G33 is 
the appropriate monopole Green's function. The off-epicen
tral Green's function G33 corresponding to a monopolar 
source of single vertical force is also shown in Fi.g. 7 (c) . 

The source-time functions S d (t) and S m (t), appearing 
in Eqs. (10) and (15), can be obtained by simply deconvo
luting the measured displacement signal with the corre
sponding Green's function and normalizing the resulting 
time functions so that they have unit amplitude when t)- fl. 
The dipole strength D can then be determined by performing 
a simple calibration experiment as described in Sec. In c. 

c. Dipole strength 

In this subsection we essentially follow a method de
scribed in Ref. 14 for determination of the strength of di
poles. The method is based on comparing the normal dis
placement response at a particular receiver corresponding to 
the formation of a crack with the response at the same receiv
er when a glass capillary fractures at a particular load. The 
receiver sensitivity is identical in both measurements. Let u;n 
and u~ represent, respectively, the non dimensional, normal
ized displacement at the particular receiver point of a speci
men having unit thickness for the steplike source-time func-

tions of unit magnitude S m (t) and S d ( t). Similarly, let V bn 

and vg be the corresponding voltage signals from the charge 
amplifier connected to the same capacitive displacement 
transducer measuring U~' and u~ in turn. Referring to Figs. 8 
and 9, and using the work of Ceranoglu and Pao, Hi one ob
tains 

A 

= kF3smCt)*G33 (t), 

vg(t) = ku~(t) = (kD/1Tj.lH2)u~(t) 

= kDSdU)*Gd(t), 

(16) 

(17) 

where k is a constant independent of time and It is the shear 
modulus of the specimen. With both V;;'(t) and vg (t) mea
sured, and G3 ,(£) and Gd (t) theoretically calculated, 
kF1Stn(t) and kDSd(t) can now be calculated by the meth
od of deconvolution: 

Monopole Source 
(Capillary Fracture) 

Di pole Source 
(Crack Formation) 

'*! l! 
Capacitive 
Transducer i 

FIG. 8. Diagrams indicating the configuration of mOllopolar an dipolar 
sources and off-epicentra! receivers. The capacitive transducer and charge 
amplifier shown in each configuration are the same. 
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kFJSm(t) = V~'*(G33)-1 (18) 

kDSd(t) = V;;*(Gd )-'. (19) 

Noticing that both 8m (t) and Sd(n approach unity when 
f)-A, one obtains 

[vg*(G d
) -I] i';"Ad D=F3 • 

-[vrn (G I]: 0* 33) it~~m 
(20) 

The above equation, simple as it appears, was not used to 
determine D. The signal processing algorithms for finding 
the inverses of the Green's functions, i.e., (G d) -- 1 and 
(G33 ) --I, appearing in the above equations have been devel
oped. 17

,IH Their application, however, to process experimen
tal waveforms is not straightforward and hence an alterna
tive procedure for determining the dipole strength appearing 
in Eq. (20) was developed. 

Our signal processing programs implementing the de
convolution algorithms of Refs. 17 and 18, while correctly 
recovering the temporal characteristics of a source function, 
are uncalibrated in amplitude. To overcome this shortcom
ing, we normalize the recovered source functions, which are 
ramp-steplike, to their mmQmum value. The result is the 
source function denoted by S( i), Then, using the waveform 
synthesis program ofCeranoglu and Pao, 16 we can compute 
the normalized displacement signals, i.e., u';'(t) a~d u~ (I), 
corresponding to the normalized source functions S m (t) of 
the monopolar source and S d (t) of the dipolar source, re
spectively. Dividing Eg. (17) by Eg. (16) then yields for the 

dipole strength D an expression written in terms of the mea
sured capacitive transducer voltage signals and the comput
ed, normalized displacement signals 

D--FH -2.. _0 
( V

d )0(V"') 
- J u~ fl';'· 

(21) 

Equation (21) is used for the determination of D, which will 
be described in Sec. IV, 

D. Relation between the dipole source and fracture 
mechanics 

The Dugdale-Barenblatt mode18~lO was chosen to make 
the connection between the AE source dipole strength and 
fracture mechanics. This model is wen suited for the expla
nation of crack formation both in plastic solids (Dugdale 

Mil it) [Of M22 [Oj 

Dt--~-
I. i~ lJ'i 
~~.-----.-~--__ t 
lid 

r~r-----
O~L ______ t 

t.d 

FIG. 9. Schematic of the monopolar and dipolar source-time fUllctions. 
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model) and in brittle solids (Barenblatt model). The essen
tial feature of the Dugdale-Barenblatt model is the laminar 
geometry of the separation process, consistent with the as
sumptions involved in the formulation of Rke's J integral. 19 

Crack growth in this model is described as the sequential 
rupture of microstructural linkage units oflength I with the 
critical rupture displacement Uc across the crack plane. In 
the Barenblatt theory, I is identified as the size of the cohe
sive zone surrounding the crack plane. A balance between 
the distributions of macroscopic opening stresses and micro
scopic closing stresses is maintained across the zone bound
ary between the outer, linear and the inner, cohesive zones. 
The opening stresses are those resulting from the load ap
plied through the indenter and transmitted through the out
er, linear material while the closing stresses are imposed by 
the cohesive bond forces acting across the crack plane. 

The sequential rupture of microstructural units of 
length I, as the Vickers indentation crack advances from the 
indenter tip to the final crack dimension R, is translated into 
the dropout of the critical closing stress U o at the zone 
boundary between the inner cohesive zone of length I sur
rounding the crack tip and the outer linear zone, as the 
Dugdale-Barenblatt model postulates. The dropout of U c 

comprises a tensile dipole. Denoting the area swept by the 
crack front by A et) whose finalsizeAf is equal to (l/2~R 2, 

the area of the half-penny crack, the dipole function DS d (t) 

can be expressed as 

DS d = ucA(t)l = (!)1Tu,.lr(t). (22) 

where r(t) is a radius of the crack front at some instant of 
time between crack initiation and crack arrest. In the context 
of acoustic emission, I corresponds to the dipole linkage dis
tance and A fl may be caH~d the AE source volume. Remem
beringthatwhent>;>lld ,Sd(t) = 1, and A (t) =Af,oneob
tains from Eqs. (3), (4), and (22) expressions for D, Er , (Te' 

uc ' and I. The results are 

100 

80 

60 

o 

D = ueAJI = EAfu e , (23) 

€c = 2GcA/D, (Te = Etc = 2EGcAJ ID, (24) 

UC =DIEAf' 1= UJEe =D2/2EG,A). (25) 

0.05 0.1 
I 

0.15 
I 

0.2 
I 

0.25 0.3 
R312 (mm3/2) 

FIG. 10. A plot ofappJied load Pvs R 31~. R is all average crack radius. The 
straight line is a least-squares fit to the data. 
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A relationship between the applied load P and the calculated 
dipole strength D can be found from Eqs. ( 1 ), (2), and (23). 
It is 

p2 t? tan2 
'" - = 0 (TeD = 63.4SucD. (26) 

R I-V" 

This equation predicts that a plot of (P 2IR) vs D wil1 be a 
straight line whose slope is 63 .4Suc ' 

The linear crack velocity Ve , defined as (dr/dt), can be 
obtained by differentiating Eq. (22) with respect to time 
with the result 

dr Af JSd(t) 
Ve =-=---. (27) 

dt 1Tr dt 

Combining Eq. (27) with Eq. (22), one can obtain a crack 
velocity at any instant of time or at any radius of the crack 
front during its formation. 

IV. RESULTS 

The applied load P at a time of crack formation versus 
R 3/2 is shown in Fig. 10. The values of both Pand R are listed 
in Table 1. A least-squares fit yields a slope of (324.4 ± 5.0) 
N/mm3/2 from which one obtains with Eqs. (1 )-( 3) 

K 1c = (0.744 ± 0.012) (MN/m3i2
), 

Gc = (7.23 ± 0.23) (J/m2) , (28) 

r=(3.62±O.12) (J/m2
) , 

The fracture surface energy r for soda-lime glass listed above 
compares well with the previous result of Wiederhorn2

() of 
3.91 11m2, which was obtained by using a double-cantilever 
beam testing method, The values of r cited in the litera
ture2()-22 range from 3 to 10 J/m2

, depending on such fac
tors as the test method employed, prepared crack tip shape, 
loading condition, environmental factors, and others. 

The plate Green's functions shown in Fig. 7 are those for 
a plate having free boundaries. The AE signals detected at 
the epicenter are found to be affected by the effects of the 
Vickers diamond impression and thus include an extraneous 
P-wave contribution resulting from its reflection from the 
indenter/specimen boundary rather than from a free sur
face. This effect is much less pronounced in the off-epicen
tral signals, which were used to determine the source dipole 
strength and its time function. A typical example of a source
time function, Sd(t) associated with crack No, 7, was ob
tained by deconvoluting the off-epicentraI signal detected at 
a 0" position (see Fig. 3) with the corresponding Green's 
function shown in Fig. 7 (b). The resulting time function was 
normalized so that it has unit amplitude for times t>!1d' The 
result is shown in Fig. 11 (a). Synthesized waveforms, ob-

tained by convoluting the resulting time function DSd(t) 
with the same Green's function, are shown in Fig. 3 as dotted 
lines for receivers at () = 0°, 45°, and 90". Similar procedures 

were used to obtain the source-time function S"'( t), and the 
recovered waveforms for the case of the capillary fractures. 
They are shown respectively in Fig. 11 (b) and in Fig. 4 as 
dotted lines. 

According to Eq. (21), a determination ofthe source 
dipole strength D requires the calculation of both u~ and u;,. 
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FIG. 11. Source-time functions of unit magnitude. (a) Sd(t). (b) S'"(t). 

They are obtained by convoluting Sd(t) and S met) as deter
mined above with the corresponding Green's functions 
shown in Fig. 7, which were calculated using the algorithm 
developed by Ceranoglu and Pao. 16 Determination of both 
(vglil1) and ( V;;' lEi;') in Eq. (21) requires special care. If 
vg and u~ and likewise Vg' and u';' are very similar, an ideal 
determination requires a synchronization of their wave arri
vals, division of the entire waveforms point-by-point, and 
then choosing an averaging algorithm to smoothen the re
sult. Unfortunately, the results often depend critically upon 
the smaller amplitudes and the zero crossings in the signals, 
as can be seen in Figs. 3 and 4. One way of avoiding these 
problems is to process only the amplitude of the first P-wave 
arrival. However, this amplitude is strongly affected by the 
source-time function S d (t), The arrival of the P-wave signal 
is evidenced in the normal displacement signal as a sharp 
pulse as shown in Fig. 3, in which the amplitude is very 
sensitive to a small change in the source-time function. The 
approach taken by us to circumvent these difficulties and to 
minimize the errors was to use the signal amplitudes of ex
treme value found after the arrival ofthe S wave, which is the 
broad peak identified in Figs. 3 and 4, Values of both 
(vglii1) and (V;;'/fi;') for the determination of the dipole 
strength D are those determined at an extremum amplitude 
point found after the arrival of the S wave as shown in Figs. 3 
and 4. These amplitudes are denoted as (Vglu~)s and 
(Vg'lilf)s, respectively, in Table n. Listed also in this table 
are the strengths of the glass capillary fracture F3 and the 
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calculated dipole strengths D for each of the detected off
epicentral AE signals. 

The dipole strengths listed in Table n are generally of 
equal magnitude when determined from the signals associat
ed with the same crack, detected at the three off-epicentral 
transducer positions, equidistant from the location of the 
source. According to Eq. (14), the AE signal.s from a 
Vickers generated crack are expected to exhibit a circular 
radiation pattern. It is seen that for several cracks there is 
considerable scatter in the recovered dipole strength. The 
exact reason for this is not clear, It is likely the result of a 
combination of the finite waveform sampling rate, finite 
bandwidth of the signal detection system, transducer aper
ture effects, and errors resulting from the signal deconvolu
tion procedure, 

In Fig. 12 is a plot of P 2 I R versus the dipole strength D. 
The slope of the straight line from the least-squares fit was 
found to be (567.4 ± 11.5) GPa. From Eq. (26) one obtains 
a critical rupture stress (Tc: 

(Tc = (8,94 ± 0.18) (GPa), (29) 

The corresponding critical rupture strain t c ' the critical 
crack tip opening displacement Uc ' and the effective gauge 
length I can be found from Eqs. (3) and (4). The results are 

tc = 0.122 ± 0.003, 

Uc = (1.62 ± 0.09) (nm), 

1= (13.2± 0.71) (nm). 

V. DISCUSSION 

(30) 

Using indentation fracture mechanics we obtained for 
soda lime glass a mode I stress intensity factor K[e, a strain 
energy release rate Gc ' and the fracture surface energy y. Vie 
calculated the dipole strength D associated with crack for
mation from the theory of acoustic emission. Based on the 
Barenblatt-Dugdale model and also on the assumption that 
the effective gauge length I can be interpreted as the dipole 
linkage distance, a relationship was established between the 
dipole strength and fracture mechanics according to Eq. 
(22), from which all the other relevant fracture mechanics 
parameters such as the critical rupture stress (Tc and the 
CTOD U C could be determined as shown in Eqs, (29) and 
(30). Another important relationship governing the crack 
velocity will be discussed later i.n this section. The values of 
both (J'c and fOe thus found are fairly dose to those predicted 
for a perfectly brittle solid, 7.30 GPa and 0.1, respectively.ll 
We also observe that the CTOD, U

C 
= 1.62 nm as shown in 

Eq. (30), is about 6-10 times as large as the characteristic 
atomic dimension of glass, such as the silicon-oxygen dis
tance 0.16 nm or the oxygen-oxygen distance of 0.26 urn. It is 
also noted that the e:lfective gauge length (or the size of the 
cohesive zone) involved in fracture process, 1= 13.2 nm, 
encompasses about 80 nearest interatomic spacings. 

Marsh23 demonstrated plastic flow around indentations 
in the hardness test and correlated this flow with a yield 
stress (7 y in glass. The plastic flow around a hardness inden
tation results from the very high stresses that exist around 
the indenter during the hardness test. Similar high stresses 
must exist in the vicinity ofthe crack tip just before fracture, 
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TABLE II. Relevant data for dipole strength. 

Glass cap. 
fracture AE sensor Dipole 
strength position ( Vglu;') , strength 

Crack No. (N) (deg) <X104) ( Vg;/U~I)j (X 105 N m) 

VICOI 5.786 0 0.843 0.407 1.151 
45 2.841 1.458 l.O83 
90 1.404 0.606 1.286 

VIC02 3.658 0 1.020 0.235 1.527 
45 2.375 0.610 1.368 
90 1.162 0.304 1.341 

VICD3 5.168 0 l.ORS (USS 1.509 
45 2.518 0.912 1.371 
90 1.278 0.425 1.492 

VIC04 5.962 0 0.700 0.390 1.026 
45 2.323 1.400 0.950 
90 0.837 0.474 1.011 

VIC05 5.060 0 0.849 0.325 1.268 
45 1.133 0.442 1.245 
90 1.027 0.400 1.249 

VIC06 4.070 () 0.646 0.243 1.042 
45 0.340 0.134 0.989 
90 0.779 0.314 0.970 

VICO? 3.187 a 4.122 0.584 2.158 
45 9.285 1.320 2.152 
90 4.904 0.670 2.240 

VICOS 4.001 0 1.262 0.280 1.733 
45 2.904 0.623 1.792 
90 1.453 0.312 1.788 

VIC09 5.737 0 0.509 0.4]0 0.685 
45 1.058 1.015 0.574 
90 0.554 0.439 0.703 

VICIO 4.609 0 1.355 0.323 1.857 
45 2.464 0.805 1.354 
90 1.349 0.370 1.615 

VICll 3.393 0 2.085 0.684 0.993 
45 4.277 Ui84 0.828 
90 2.290 0.758 0.984 

vrC12 4.844 0 4.941 0.862 2.666 
45 13.24 1.899 3.247 
90 6.350 1.057 2.794 

VIC13 3.217 0 9.303 0.595 4.830 
45 22.21 1.652 4.153 
90 11.18 0.807 4.5/1 

VIC14 4.589 0 3.171 0.783 1.784 
45 6.531 1.947 1.478 
90 2.953 0.837 1.554 

VIC15 3.256 0 4.546 0.644 2.208 
45 10.l3 1.656 1.914 
90 3.136 0.624 1.572 

VICl6 4.521 0 1.517 0.778 0.846 
45 2.938 1.892 0.674 
90 1.278 0.880 0.631 

VICI7 3.844 0 4.612 0.644 2.645 
45 9.898 1.370 2.666 
90 4.024 0.683 2.176 

ViC18 2.854 0 3.717 0.568 1.794 
45 5.258 0.983 1.465 
90 3.025 0.545 1.520 
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FIG. 12. A plot of p 21R vs D (dipole strength). The straight line is a least
squares fit to the data. 

and it is not unreasonable to suggest that plastic deformation 
might indeed initiate from the crack tip during fracture. 
From the indentation experiments, Marsh23 found the yield 
stresses (7 y of soda-lime glass and fused silica were 10.0 and 
19.5 GPa, respectively, at liquid-nitrogen temperatures. 
Considering that the yield stress at room temperature is a 
little lower than that at liquid-nitrogen temperature, the 
critical rupture stress (J'c shown in Eq. (29) is close to the 
yield stress of the material. Using the simple relation 
Gc = (J'YU c derive'd from the Dugdale model for fracture of 
plastic solids, U c was found to be 0.072 nrn, about half the 
nearest interatomic distance, and much smaller than the val
ue 1.62 nrn obtained from the theory of brittle fracture. 
Whether the Dugdale model is applicable to the description 
of indentation fracture of very brittle solids undergoing plas
tic deformation is questionable. For a thin plate of a ductile 
material subjected to plane stressses, the size of the plastic 
zone at the crack tip is almost equal to the CTOD (100% 
effective plastic strain) as, for example, in the yielding of a 
slotted steel plate. Hence, the effective microstructural 
gauge length I may be the size of the CTOD. In general, the 
CTOD is smaller than the effective plastic gauge length for a 
thick specimen subjected to plane strain. Taking into ac
count that in ductile fracture only a small fraction of the 
fracture energy is released, the dipole linkage distance of 
acoustic emission should be much smaller than either the 
effective plastic gauge length or the CTOD. 

Finally we turn our attention to the calculation of time
dependent crack velocity. As shown in Eq. (27), an accurate 
determination of the source-time function is essential for the 
correct calculation of the crack velocity. Unfortunately, the 
recovered source-time function Sti(f) is strongly affectcd by 
the aperture of the detecting transducer. This is an addi
tional reason why the peak amplitude of the first P-wave 
arrival has not been used for the determination oCthe dipole 
strength as described in the previous section. The capacitive 
transducers used in this experiment had a diameter of 3 mm. 
An aperture of this magnitude alone can result in a rise-time 
increase of 0.23 fls. Noticing that S d (t) seen in Fig. 11 (a) 
has a 3:,ise time of about 0,5 ps, the crack velocity determined 
from S"(t) in Fig. 11 Ca) may have an error as high as 50%. 
In principle, it is possible to correct for the aperture effect24 

and also to include a correction for any sensitivity di.ffer-
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ences associated with the sensing area of the capacitive trans
ducer. However, this is a tedious procedure and it remains to 
be shown that a reliable source-time function can he recov
ered in this way. In order to reduce the transducer aperture
related error to a level less than 10%, when signals are de
tected that contain important information at frequencies up 
to 10 MHz, the sensor used should have an active element 
that is less than 0.5 mm in diameter, Such a sensor will, 
however, greatly reduce the overall sensitivity of the detec
tion system and for this reason it was never used in the ex
periments described here. The most desirable way of obtain
ing S"(t) is to use an epicentral signal for deconvolution 
with the Green's function. At the epicenter the aperture ef
fect is minimized and even the 3-mm transducer is likely to 
result i.n less than a 10% error in crack velocity. Unfortu
nately, as explained in the previous section, the epicentral 
signal is corrupted with extraneous P-wave arrivals and was 
therefore not used for the recovery of S" (t) or the dipole 
strength of cracks. 

It is nonetheless interesting to see how the general pro
file of crack velocity behaves as a function of the crack front 
radius until the crack arrests. It is emphasized that the crack 
velocity determined by this procedure will be considerably 
less than its actual value. For example, the crack velocity of 
VIC07 is plotted in Fig. 13, which is obtained according to 
Eq. (27) from the source-time function S d (t) shown in Fig. 
l1(a). It is seen that a maximum velocity of 1763 m/s is 
reached when the crack front radius is 0.175 mm, or about 
midway towards the final crack size. The time taken to reach 
the final crack size of 0.355 mm was 0.643 liS, from which 
one determines an average crack velocity of 522 m/s. 

Vi. CONCLUSIONS 

Based on the results presented in this paper, the follow
ing conclusions can be drawn: 
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(1) The fracture surface energy and critical stress inten
sity factor were obtained from the measured data of applied 
load and crack size by using the formula derived from inden
tation fracture mechanics. These values compare well with 
those determined from other methods. 

(2) The dipole strength and source time function asso
ciated with the formation of a crack can be determined from 
the theory of acoustic emission combined with signal pro
cessing techniques. 

(3) Important fracture parameters of a crack, such as its 
critical rupture stress, crack tip opening displacement, and 
microstructural gauge length can be experimentally deter
mined by combining AE theory with indentation fracture 
mechanics and the Dugdale-Barenblatt model. 

( 4) The crack velocity of a microindentation crack 
forming on a submicrosecond time scale can be obtained as a 
function of the crack position or time from the recovered 
source-time function of the crack and the measured final 
crack size. 
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