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Imaging of group velocity surfaces in a cuspidal region of zinc
by laser-generated ultrasonic waves
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Abstract

An image of group velocity snrfaces within and outside a cuspidal region of a (0001) oriented zinc crystal is obtained with a

pointlike scanning lasel source and a flxed longitudinai (L) mode piezoeleclric detector. Because of axisymmetric excitatiott

and sensing, the group velocity sr.rrl'ace ofthe pure transverse (PT) mode, being shear horizontally (SFI) polarized, is absent irt

the obtained image. tn the cuspidal region the quasi transverse ( QT) mode has three group velocity branches in a given dilection:
the fast QT ( FQT) branch, the intennediate speed QT ( IQT) branch. and the slow QT ( SQT) blauch. 'Ihe laser imaging clearly

shoq,s rhe u,ave fronts of the quasi longitutlinal (QL),lQ'f, and SQT lays in the cuspidal region. Neiir the epicentral [0001.1

tlirection, the arrivals of the head rvave (HW) and SQT rays are almost simultaneous and their rvave fionts erc not distincf.

Horvever, farther fiom the epicentral directiorr, they separate and outside the cuspidal region the irnaging shows the group

velocity surtaces of the QL, HW, and SQT rays.

1. Introduction

In anisotropic media such as transversely isotropic
conposites and zinc crystal, the phase and group veloc'
ities in general do not coincide witlr each other. In a

geueral direction of propagation, there are three wave

rnodes traveling at distinct velocities, one quasi longi-
tudinal (QL) and two quasi transverse (QT) modes,

with their polarizations mulually perpendicular to each

other. Elastic wavei generated by excitation of a broad-

band sonrce propagate at the speed of the grcup veloc-

ity. The pulsed excitation of a pointlike source gives

rise to the elastic waves plopagating in virtually all
directions.

In this experiment we used a pulsed laser bearn

focused on the upper surface of a disk-shaped, 25.8 rnm

thick zinc crystal oriented in the (0001 ) plane to gen-

erate a broadband pointlike source of acoustic enris-

sion. A srnail longitudinal (L) mode piezoelectric
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transducer flxed at the center of the bottom surface

detected the various ultrasonic lvave modes that trav-
eled from the source at their orvn distittct group veloc-

ities. The detection of various QL and QT modes

propagating in a wide range of directions is carried out

by scanning the laser beam across the epicenter on the

upper surface. A group velocity in-rage is constructed

from the detected signals, whose ray directions span

from the symmetry direction beyond the cuspidal

region.

2, Theoretical background

The group or ray veiocity V" is obtained from the

relation [ 1l

v.AY,= l7us1: %Y: -:* (l)" s'V.,A'
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where {i} is the angular frequency, k the weve vector,

n - k/ I k I the wave normal, V the phase velocity, s the

slowness defined as nlV, and d the equation of the

slowness surface. The above equatiou irdicates that the

outward normal to the slowness surface at any point is
the direction of energy ffux or eroup velocity of the

corresponding mode, The fourth rank elastic stiffness
tertsor C4*i of a hexagonal or transvercely ieotropic
medium is characterieed by five elastic constants: C11,

Cy, C4a, Crz, and C13. For einc they have beer meas-

ured to be C,,:163'75 GPa, Crr*62.93 GPa,

Ca+:38,68 GPa, C12:36.28 GPa, and C,reJt.dg
GPa.

The (010) section of slowness surfaces of einc is
showrl in Fig. 1, which displays {hree sheets belonging
to the QL, pure tran$verse (PT), artd QT modes. We
simplify the directioral notatiou [0001 J of a hexagonal
crystal to [001] that is appropriate for transversely

isotropic rnedia including some composite matarials.
In crystallography, lhkll zone rsprsseils *re set of
pl*nes that are all parallel to the ffrftll direction, where

h, k, atrd I are natural numbers. For a tralsversely iso-
ropic zinc crystal, all the planes belorging to the [00 I ]
zore are identical and the (010) plane is a typical
representation of the [001 ] zonal^plane. Far a k along
an arbitrary direction in the zonal plane, one of the QT
modes, say, the QT I becomes a PT mode whish is

shear horizontally ($fi) polarized parallel to the basal
plane (Sl) and normal to the zoual plane. Both QL
and QT 2 modes are polarized in the sagittal plane

Zinc, {OlO} Seclioa of Slownses Surfoce

o o. r o.2 0.3 0.4 0.5 0.6
Slowness (ps/mm) [l0O!

Fig. l. (010) section olslowness surfaces in zinc.

coinciding with the zonal plarc. Hence, we simply

denote QT 1 and QT 2 as PT aud QT, respectively.
Shown in Fig.2 are thecorrespondinggroup velocity

{or ray) $urfaces obtained using Eq. { I ). For zinc the

QT wave in the variaus [ffil] zonal planes propagates

at a phase velocity slowerthan that of the PT wave. For
this reason the QT mode is sometirnes called the slow
transverse (5T) mode and the PT mode is dubbed the
fast transverse (FT) mode. However, for lhe group
velocity surfaces ix the cuspidal region, this distinetion
is somewhat blured, &s one can see that the QT group

velocity surfaee ps.nerates through the PT group veloc-
ity surface. The cuspidal fealure shown in Fig. 2 arises

due io a pfiticular shape of the QT rnode slowness

surface shown in Fig. 1. Around the symmetry axis

{001} it is concave with both principal curvature$

being negative. At point Q" the principal curvaturc in
the zonal plano changes sign ard the surface is saddle-

shaped from 0" {o the point Q* where the principal
eufvature tradsvefss to the zonsl plane changes *ign
aod the noflnal to the surface points in the symmetry
direction t001].There is a band on either side of the

basal plane near po where the in-plane curvature of the

slowness surface is oegative, giving rise to an inplane
cusp about pointP6 in thebasalplane ofthecorrespond-
ing group velocity surface. This cusp is, however, too
small to be seen in the scale of drawing of Fig. 2 and
can be seen on$ in a greatly magnified view [?,3]. It
caflnot be detested with the time resolution of this

exporiment and we will uot discuss it further In Fig. ?,

the points Pu and P* on the symmetry axis, the cuspidal
edge P" and the pfint P0 on the basal plane correspond
to the points Qu, Q,n, O., and Oo fu Fig. l, respectively.

For sirnplicity of nomerrclature let us call the ray

Zlnc, (91611 $+etion oJ Graupvtlocitit!

[IOOJ 6roup v€locily (mm/ps) [l0O]

Fig. 2" (010) section of group velocity surfaces in zinc.
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branches of QT mode, PoP., P"P-, and P*Ps by their
acronyms, FQT (fast QT), IQT (intermediate QT),
and SQT (slow QT) branches, respectively.

Explicit analytical expressions for the group velocity
of QL, PT and QT modes as a function of an arbitrary
dirrction in the zonal plane are given by Kim [3].
Analytical relations between the directions of wave

normal n and the corresponding group velocity are

found in Refs. I I ] and [ 3 ]. Using these relations found
in Refs. [1] and [3], the directions of the cuspidal

edge P" in Fig. 2 and the conical surface Op- in Fig. 1

are calculated to be 21.54" and24.52" from the sym-

metry direction, respectively. The minor images of the

FQT and IQT branches across the [001] axis, rvhich

correspond to the wave normals on the QT slowness
sheet reflected across the [001] axis in Fig. 1, are also

drawn in the firstquadrantofFig. 2. Sinceabroadband
pointlike source including the laser source used in this
experiment generates wave normals in virtually all
directions, these mirror images of the group velocity
branches may actually be observable together with
other possible modes.

The head wave observed by the detector is not gen-

erated by the laser source. It is brought about by mode
conversion. The L waves traveiing from the source on

the free surface continuously radiate a part of their
energy to meet the free boundary conditions and the

wave front of these interior rays is known as a head

wave, which propagates as a QT mode that is sagittally
polarized. The tangential component of the slowness
of the head wave at the free surface should match that
of the L mode, which is the slowness of the QL mode

along the [100] direction in Fig. l. The measured
group velocity ofthe L wave traveling along the surtace

equals 479 I m/s. The slowness of the mode-converted
head wave is denoted by the point Q' in Fig. 1, which
makes an angle of 23.28o from the symmetry axis, when
viewed from the origin. The group velocity at the point

Cn of the slowness surface corresponds to the point P,,

on the IQT branch of the group velocity surface shown
in Fig. 2. The direction of the head rvave is that of the

OP1,, which makes an angle 0n equal to 3.04" with the

symmetry direction. The group velocity of the head

wave OP6 is calculated to be 2 I 13 m/s. Unlike the head

wave in an isotropic media, the direction of which usu-
ally makes an acute angle with that of the L wave
traveling on a free surface, the head wave in zinc makes
an obtuse angle 93.04'from the corresponding L wave.

Iroo]

Ioro]
Ioor]

Fig. 3. Geomerry of specimen, source, detector, and ray paths to the

detector,
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As a result, the head waves arriving at the detector from
an epicentral laser source constitute a cone of half-apex
angle 3.04", while for an off-epicentral laser source, the
head rvave front arriving at the detector is no longer
conic. The L wave traveling on the surface from the

off-epicentral source passes through the epicenter, con-
tinuously shedding parts of its energy on its way as

head waves. Only the head wave generated at the point,
the direction of which toward the detector makes the

angle 9,, ( :3.04") with the symmetry axis, arrites at
the detector. These head wave paths are illustrated in
Fig.3.

Denoting the distance of the laser source from the

epicenter by x and the specimen thickness by lr (refer
to Fig. 3), the head wave arrival time tn is given by

x* ftsin 01, ltt"- t6- + 
2113.* o, Q)

The equivalent group velocity corresponding to the

arrival of the head wave, Vr6, is

-
tl x'+h'

Vst,: ----T- (3)
It,

Eq. (l) is plotted in Fig. 2 and marked with HW {head
wave ) . A detailed description of the head wave in trans-
versely isotropic media is given by Musgrave and Pay-
ton [4].

As seen in Fig. 2, near the epicenter" the arrivals of
the head wave and SQT ray are aimost simultaneous.
At the epicenter the arrival of the head wave is calcu-
lated to be only 0.010 ps ahead of the arrival of the
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SQT ray. Taking into account the sarnpling time of
0.0167 ps and the finite size of detector ( 1.3 mm diam-
eter). both arrivals are considered as simultaneous
within experimental error. However, the farther the
laser source moves fiom the epicenter, the more grad-
ually they separate and the head tvave arives apprecia-
bly earlier than the SQT ray. For example, ar the 14
rnm laser source position from the epicenter, the head
r.vave is supposed to arrive 0.90 ps ahead of the arrival
of the SQT ray.

3. Laser scan imaging

Fig. 3 shorvs a schernatic of the geometry of speci-
men, laser source ( I-S ) , L nrode piezoelectric detector,
and some of the ray paths including rhose of the head
lvaves. The specimen is a disk-shaped, (001) oriented
zinc crystal rvith its basal diameter75 mmand thickness
25.8 mrn. The detector is lixed at origin on the bottom
basal plane, while a pulsed higtr-intensity laser bearn
focused on the top surface is scanned across the epi-
central position on the straight line in the range of * 20
mm to 20 rnur frorn the epicenter. The laser source
duration is typically several ns. The detected signals
are first amplilied rvith 40 dB gain by an amplifier, the
bandrvidth of rvhich extends from 100 kHz to l0 MHz.
and fed into a digitizer which samples the amplified
outputs at a rate of 60 MHz. The digitized output is also
connected to an x-1, scope tbr visual display and
brought into a digital computer for subsequent signal
processing and image construction.

Shown in Fig. 4a is a scan image thus obtained,
rvhich manifests group velocity fronts of various modes
including QL, IQT, SQT, and HW modes, It is seen in
the figure that the output of the thin-disk shaped pie-
zoelectdc detector rings for a while after each ray arri-
val. In the image the 10 mil scan position
approximately conesponds to the cuspidal edge { in
Fig. 2. Arival times of the sagittally polarized rays
including QL, HW, FQT. IQT, and SQT rays, rvhich
travdl fiom the source to the detector, are calculated
using the group velocities shorvn in Fig. 2 and they are
plotted in Fig. 4b for various laser scan'pctsitions. Fig.
4b is drawn exactly in the same scale as Fig. 4a for
direct comparison between then,, rvhich indicates that
the arrivals of oLrserved group velocity wave fronts of
viuious modes are in excellent agreenent tvith those
predicted by theory.
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Fig. 4(a). Observed laser scan image of group velocity surfaces in
zinc. (b). Calculated anival times of sagittally polarized rays f'or
various scan positions in zinc.

The anival of the FQT ray causes a small discnnti-
nuity in the slope af a theoretical displacement sigral
[2,5i, which may well becorne smooth in an experi-
mental signal because of the finite size of source and
detector, and finite bandwidthof the rvhole experimen-
tal system. This makes the detection of the FQT wave
difficult by the thin-disk shaped piezoelectric detecror
that is principally sensitive to a change in the normal
component of a surface displacement. Indeed, in the
laser scan image &e FQT wave front is not visible.
However, it can be seen irr the displacement signal
detected by the capacitive transdueer very near th* nrsr
zsro crossing after the QL mode arrival [6]. The
absence of the f,T mode in the scan image is because
of axisymmetry of the thefinoelastic laser source and
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L mode detector associated rvith the specimen oriented

in the s1'rnmetry plaile ( 001 i . The axisymmetric nature

of the rource results in a net displacement being zero

in the transverself isotropic plane ( 001 ) . The PT mode,

heing SF{ polarized. is neither generated nor detected.

Dir:.-: ieterrnination of the entire group velocity sur-

i:;:i :r;],;Jins th{rse of the FQT and PT modes is

rer.:ne'j e ls*,. here [5]. The sma]l ripples found run-
aing d:;S:r.i:iii1 atter the QL inode arival in the signals
ebtaine 

"i 
at oittpicentral laser source positions between

1l anci l0 mm are apparentl],caused by the arrival of
the L mode signais reflected from the side walls of the

finite sized specimen.

The large amplitude of the SQT ray associated rvith
the high peaked ridge at the epicenter is due to strong

focusing, toward the symmetry direction, of all the QT
modes with their k vectors lying on the circular cone

generated by rotating the OQ.- ( see Fig. 1 ) around the

symmetry axis. AII these QT modes have the same ray

vector located on the conical point P.- in Fig. 2 anrl

have their acoustic energy directed along the symmetry
direction. The large amplitude of the SQT ray rapidly
diminishes as the laser source moves a small distance

from the epicenter. This is known as a phenomenon of
phonon focusing and the observation ofphonon focus-
ing in zinc at ultrasonic frequencies is reported by Kim
et al. [7]. Note that at point Q*tne Gaussian curvature
of the slorvness surface is zero, and therefore the the-

oretical phonon focusing factor at Q- is infinite [8].
The large amplitude of the epicentral SQT ray over-
u,helms weakly focused conical head waves that arrir e

almost sirnultaneously at th€ detector as mentioned in
the previous section. A quantitative theoretical treat-

nlent of the contribution of the SQT and HW ravs to
an epicentral motion in zinc is described elseu here

ll.el.

J. Conclusions

We have demonstrated that a laser scan ima-ee

::.,'eals the various group veloci! lionts u'ithin and

,'iriide a cuspidal region in zinc. Those of QL. IQT.

SQT and HW waves are clearly shown in the image in

excellent agreement with those predicted by theory,
The image shows two cuspidal branches, which are

those of IQT and SQT modes. Due to axisymmetry of
the laser source and the characteristics of the thin-disk
shaped piezoelectric detector, neither PT nor FQT
modes are visible in the scan image.

Acknowledgement

I am deeply grateful for the financial support from
the Physical Acoustics Division of the Office of Naval

Research. My thanks are also due to B.F. Addis, who
provided me with a large zinc single crystal of fine
quality.

References

t 1l M.J.P. Musgrave, Crystal Acoustics, Holden-Day, San

Francisco ( 1970).

I2l R.C. Payton, f/astic' Waue Paryagation in Tran*ersely
Isotropic l$edia, Ir{artinus Nijhoff, The Hague ( 1983 ).

t3l K.Y. Kinr. "Anatytic relations between the elastic constants

and the group velocity in an arbitrary direction of symmetry

planes of media rvith orthorhombic or highersymmetry", P/ty's.

Ret. B 49.3713-3724 (1994r.

[1] ll'l.J,P. N{usgrave antl R.G. Payton, "Head wave contributions

to elastic rlave fields in a ransversely isokopic half-space",

Q.1.l{ech. Appl. lutarh,34,235-250 ( 1981).

i-sl A.C. Elery and K.Y. Kim. "Time domain dynamic response

functions of elasticalll'anisotropic solids". J. Acott.st. Soc. Am.

95.3505-2516 ( 1994).

16l K.Y. Kint and W. Sachre. "'Direc! determitration of group

r'*locit*- surtaces in a cuspidal region in zinc", J. Appl. Ph.ts.
?5. ll35-lJ-l1 r lq94).

i 7I K.Y. Kim. \Y. Sachse and A.G. Every, "Focusing of Acoustic

Energl at the Conical Point in Zin c" , Pht's. Rer. I*tt. 14,3443-
3-1f6 {199-li.

[8] H-J. trIaris, "Enhancement of heat pulses in crystals due to

elastic rnisotropy", J. Acoust. Sot', Am. 7 1, 8 I 2-8 I I ( 197 I ).
i9] R.C. Payton and M.J.P. Musgrave, "Axial motion of a

uansversely isotropic elastic half-space in which the head wave

and conical point arrival tirnes coincide" ,J. Elasticih'13.149-
r55 ( 1983).

surt-aces in
led rays for


